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of the T 4 /^4 orbifold, the corresponding geometric realization is partially 
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1 Introduction and summary 



The latest developments in String Theory demonstrated the importance of un- 
derstanding properties of D-branes in curved backgrounds. Despite widespread 
effort our knowledge of D-branes properties is still limited to the simplest back- 
grounds, like tori or toroidal orbifolds, group manifolds etc. It turned out that 
in most applications of D-branes to string theory detailed understanding of the 
D-branes on more complicated backgrounds, first of all Calabi-Yau manifolds, is 
necessary. Unfortunately for general Calabi-Yau manifolds not much is known 
on special Lagrangian submanifolds or holomorphic cycles wrapped by A- and 
B-type branes respectively. 

However it is known that at certain points in their moduli spaces, Calabi-Yau 
compactifications can be described by rational conformal field theories, known 
as Gepner models [1]. By now a sophisticated technique for constructing bound- 
ary states on rational conformal field theories exists [2—11]. Starting from the 
pioneering papers [12,13], a number of papers [14-28] were devoted to boundary 
states in Gepner models. Much of the work was devoted to figure out geomet- 
rical properties of branes given by specific boundary states. These papers also 
brought to light that in the presence of minimal models with even levels some 
of the boundary states defined in [13] should be modified or, better, resolved in 
order to dispose of fixed point ambiguities [23], [24]. General formulae for bound- 
ary states in conformal field theories with simple current modular invariants have 
been given in [29,30]. 

As usual before tackling complicated cases some simple models were ana- 
lyzed. In [14] the (1,1,1) ~ (1,4) and (2,2) models, which are equivalent to 
T 2 compactifications at the SU (3)i and 5*0 (4) i enhancement points respectively, 
were discussed. In [28] B-branes in the (2, 2, 2, 2) model, which admits orbifold 
description as T 4 /Z 4 [31], [32], were discussed. 

In this paper we study in depth the Cardy states corresponding to DO branes 
in the (2, 2, 2, 2) model . 

The paper is organized as follows. 

In section [2] we review necessary background material on the simple current 
extensions. 

In section |3] we review Gepner models via simple current extension formalism. 
In section H] we write down all the necessary information on the (2, 2, 2, 2) 
model: orbit representatives, characters, conformal weights. Using the resolved 
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characters we compute the torus partition function and show that it coincides 
with the one computed in the appendix C as an orbifold partition function at the 
SU(2) A point. Using the general formulae of section [2] we also derive the annulus 
partition functions between different Cardy states, paying special attention to 
the peculiarities caused by the presence of the fixed points. 

In section [5] we study DO branes on the orbifold T A /Z± . We compute all 
the annulus partition functions between DO branes located at points in T^/Z^ 
orbifold that are fully or partially fixed under the orbifold group action. Using 
previously derived formulae for the annulus partition functions between Cardy 
states of the (2,2,2,2) model we establish a partial dictionary between Cardy 
states and DO branes. This is the main result of this paper. 

The necessary formulae on theta functions are reviewed in appendices A and 



2 Simple current extension: brief review 

Let us briefly remind the meaning of the simple current extension by simple 
currents of integral conformal weight [33-37], [24]. A primary J is called a simple 
current if, fused with any other primary A, it yields just a single field JA. Simple 
current extension means the combination of two operations: 

• Projection. We keep only fields which obey Qj(X) = where 



• Extension. We extend the chiral algebra by including the simple current J. 
This means that we organize the fields surviving the projection into orbits 
derived as a result of fusion with the simple current J. 

Before writing the torus partition function we should discuss the important 
issue of fixed point resolution. If all the primaries form orbits of the same length, 
equal to the order |C| of the full group G generated by the simple currents, or 
in other words have the same number of images under the repeated fusion with 
the simple current, the characters could be labelled by the primaries chosen, one 
from each orbit, called orbit representatives, and have the form: 



B. 



Qj(X) = A A + Aj - A JA (mod Z) 



(1) 



(2) 
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The unitary matrix representing modular transformations on the extended 
theory is: 

S a,b = \ G \Sab (3) 

where with hatted variables we denoted the orbit representatives. However it 
may happen that some of the primaries have a non-trivial stabilizer S\, i.e. be 
fixed under the action of currents of a subgroup S\ e G. In this case the freely 
acting group is the factor G a = G/S a and the orbit length is given by 

|G.| = Jfr (4) 

\o a \ 

and therefore varies from orbit to orbit. The simple formula ([3]) for the modular 
transformation matrix does not work anymore. It turns out that in order to 
construct a unitary matrix representation of the modular transformation in this 
case one needs to resolve the primaries with non-trivial stabilizer, i.e. one should 
consider together with the orbit a additional |«S | orbits^. Labelling the additional 
orbits by % we find the characters: 

Xx,r = m X,i Yl XJX = TJT Yl * JX ( 5 ) 

JeG/S x 1 A| J£G 

where usually equal to 1, but we keep them explicitly so as to keep track 

of the different resolved orbits. 

The diagonal modular invariant torus partition function of the extended the- 
ory reads 

A,i orbits Q(A)=0 JeG/S x 

where we used that 



|5 a | = ^(m a ,) 2 (7) 

i 

The unitary matrix representation of the modular transformation S on the char- 
acters (jSJ), was constructed in [33], [35]. The following ansatz was suggested 

S( a ,i),(b,j) = "m ayi m b J- — ° 6 S a fi + r^^^ftj) (8) 



1 Actually each primary should be resolved by the order of the subgroup U a of the stabilizer, 
called untwisted stabilizer [35], on which a certain alternating [/(l)-valued bihomomorphism, 
or discrete torsion, on the stabilizer S a vanishes. It is well-known that discrete torsions are 
classified by the second [/(l)-valued cohomology group H 2 (S a , U(l)) [38], and since in Gepner 
models with diagonal (or charge conjugation) torus partition function - the situation of our 
interest below - the stabilizers are all isomorphic to the Z2 group, for which H 2 (Z2, U(l)) = 
, one finds that the untwisted stabilizer coincides with stabilizer. 
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where r^j)^-) satisfies the equation 

Y r (a,i),(b,j) m b,j = (9) 



.1 



and it is therefore different from zero only between fixed points. It was found 
in [33] that unitarity requires T( a ,i),(bj) to satisfy the condition: 

E ^(a,i),(b,j)^(c,k),(b,j) = $ac{5ik ^ ) ■ (10) 



orbits Q(b)=0,j 



The derivation of equation fflOl) is reviewed in appendix D. 

Using the matrix (jSJ) one can compute the fusion rule coefficients using Ver- 
linde formula and the annulus partition functions for the Cardy states. After 
some algebra, reviewed in appendix D, we arrive at the expression: 



\ \ m a,i' rr ld,e-N'ja,c \ ^ 
A (a,i),(d,e) ~ 2^1^ |C IIC I 1^ XKc 

orbits Q(c)=0 JeG 1 a " d| KeG c 

+ y E £mm|^^^ XXc (ii) 

orbits Q(c)=0 (orbits Q(b)=0,j) ° ,b K£G C 

Given that the resolving matrix rV^w&j) are different from zero only between 
fixed points we observe that formula (ITTj) simplifies if one of the states is not 
fixed. When a is not fixed and d fixed (ITTj) simplifies to 

A{a),{d,e) = Yl E d, \S \ a,C E * Kc ( 12 ) 
orbits Q(c)=0 JeG 1 d| ftTeG c 

When neither a nor d are fixed (fTTj) further simplifies to 

A ^ = E E^E^ ( 13 ) 

orbits Q(c)=0 JeG ifeG c 

For later application to Gepner models let us discuss the matrix FfaQfaj) an d 
the second term in ( fill) in the case when all the fixed points have a stabilizer 
isomorphic to Z 2 . In this case equations §§§ and (fTUj) can be satisfied by taking 
r( ,i),(6,i) in the form: 



\G a \\ 


G b \ 




C 


1 1 



r(a,V),(fe,V) = 7771 S ab l/jll!'S a f5 bf (14) 
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where ip is the resolving index which takes two values ±, and S a b is a unitary 
matrix. Plugging (fUj) in fTTTT) for the the second term one can write: 

|0a|l ° d| Orbits Q(c)=0 6 JGG Wg c / 

We also show in appendix D that formulae (TIB"]) and (fill) are actually equiv- 
alent to the formulae for the A-type annulus partition functions derived in [13] 
and [23]. 



3 Gepner models: generalities 

Let us remind the basic facts about Gepner models [1]. The starting point of a 
Gepner model is the tensor product theory 

01-^ = 0^ ®e kl ^---^e kn , (i6) 

where C s_t is the D dimensional flat space-time part, and C k is one of the N = 2 
minimal models, whose central charges c k = satisfy the relation 

n „ 

J2c ki + -(D-2) = 12 (17) 

N = 2 minimal models can be described as cosets SU(2) k x U (1)4/1/ (l) 2 k+i- 
Accordingly the primaries of C k are labelled by three integers (I, m, s) with ranges 
Z G (0, • • • k) , m G (—k — 1, • • • , k + 2), s G (—1, 0, 1, 2), subject to the selection 
rule l + m + s G 2Z and the field identification (l,m,s) = (k — I, m + k + 2, s + 2). 
Primaries with even values of s belong to the NS sector, while primaries with 
odd values of s belong to the R sector. The conformal dimension and charge of 
the primary (/, m, s) are given by: 

h l m, s = A{k + 2) + g (mod 1) (18) 

7TI S 

<h> = k + ^ ~ 2 (mod 2) (19) 

The exact dimensions and charges can be read off (fl8l) and (fl9|) using field iden- 
tifications to bring (l,m, s) into the standard range 

/ G (0, ■■■k), \m-s\<l, sG (-1,0,1,2) (20) 
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The characters are given by 

k-l 



X l l%z, t) = J2 cJ l % j ^ s (T)Q 2m+{4j _ s){k+2) ^ k{k+2) (z, t) (21) 

3=0 



where 



©m,jv(^,t) = 9 



M -\ 

2N 





2Nt) = e 2 ™ N ( n+ ^y (22) 



nez 

that obviously satisfy the identity 

@M+2N,N = 9m,jv (23) 

and Cm ^ are the characters of the parafermionic field theory at level k, satis- 
fying identities: 

J(k) _ J(k) _ J(fc) _ -*-«(*) (94^ 
The fusion coefficients are 

\fN=2 hhh _ (OK\ 
J ^ m\m2m^s\S2S^ \ ) 

•^hh ^ dm 1 +m 2 -m: i 5s 1 +S2-s 3 +-M 1 J 2 ^ ^ ^m 1 +m 2 -(m 3 +fe+2)^si+S2-(s3+2) 

The space-time part can be described in terms of the SO(D — 2) 1 algebra. 
SO{2n)i algebras have four primaries A = (o,v,s,c), with conformal dimensions 

1 n 
h = 0, h v = -, h s = h c = - (26) 



charges 



and characters: 



n n 

q o = 0, q v = l, q s = -, q c = - - 1 (27) 



Xo° (2n) = ^(^3+^) (28) 

x s v 0{2n) = ^-ei) 

x SO(2n) = _l_ ( ^n + ^ 
X f(2n) = _i_ ( ^_-- X) 

O and primaries belong to the NS sector, while 5 and C belong to the R sector. 
For future use, let us write down also the fusion rules of the SO{2n)\ algebras. 
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n odd 





V 


s 


c 


o 


o 


V 


s 


c 


V 


V 


o 


c 


s 


s 


s 


c 


V 


o 


c 


c 


s 





V 



(29) 



n even 


o 


V 


s 


c 


o 


o 


V 


s 


c 


V 


V 


o 


c 


s 


s 


s 


c 


o 


V 


c 


c 


s 


V 


o 



(30) 



The primaries of the product theory (fl6l) can be labelled by the following 
collection of indices 

(A, /, m, s)) = (A, h, m 1 , s u ■ ■ ■ , /„, m n , s n ) (31) 

The Gepner model is the simple current extension of the product C£~*. k , with 
the following simple currents: 

• supersymmetry current: S to t = (s, (0, 1, 1), • • ■ (0, 1, 1)) 

• alignment currents: = (v, ■ ■ ■ (0, 0, 2) • • •), with (0, 0, 2) at the zth position. 

Let us summarize the results of applying the formalism reviewed in the previ- 
ous section to Gepner models [34], [23], [24]. In Gepner models the simple current 
projection or, in the original Gepner's language, /^-projection with respect to the 
supersymmetry current S tot reads 

n 

Qfy,X*A) = + E = 1 ( mod 2Z ) ( 32 ) 
i=i 

and is nothing else than the famous GSO projection yielding space-time super- 
symmetry 3 The projection with respect to the alignment current selects only 



2 Actually direct application of the formula {1} brings to shift 1 with respect to (|32|) . but as 
explained in [23] and [24] the shift is absorbed by the superghost part, or alternatively by the 
bosonic string map. 
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primaries were all constituent primaries belong to the same sector, either NS 
either R and guarantees world-sheet supersymmetry. 

To analyze the length of the orbits we should consider two cases: 

1. all the levels ki are odd 

In this case no fixed point occurs, all the primaries have trivial stabilizer, 
and the length of the Stot current is K = lcm{4, 2ki + 4}. All Vi currents 
always act freely and have length 2. But when all the ki levels are odd, it 
turns out that the Stot current has an overlap with the Vi currents, and to 
cover all orbit it is enough to sum over only n — 1 of the n Vi currents. As 
a result, the orbit length in this case is 2 n ~ 1 K. 

2. one has r ^0 even levels ki 

Let us place the even levels in the first r positions. In this case for a generic 
primary the orbit length of the supersymmetry current is again K = lcm{4, 2fcj + 
4}. But for the primaries with all U at the first r positions equal y: 

k- 

U = -£ z = l,...,r (33) 
due to the previously discussed field identification, which for them reads : 

~2~' Sl ' ' " ' ' ~2~' St) r+1 ' ?77 ' r + 1 ' S r+l m n, S n ) = (34) 

fci k r 

(y , rnt + k x + 2, s x + 2, • • • , y , m r + fc r + 2, s r + 2, Z r+1 , m r+1 , s r+ i • • • , l n , m n , s n ) 
there is a non-trivial stabilizer: 

*il ...*i2i ; i .... ; 

Si: » ^' = Z 2 . (35) 

We see that the stabilizer depends only on the values of Zj's i = 1, . . . ,r and one 
can write: 

\S h >- lr \ = l + 5 h k±---5 lr ^ (36) 

Therefore here we have two kinds of orbits, long orbits with length 2 n K for generic 
primary, and short orbits with length 2 n ~ 1 K for primaries of type (1331 . As we 
explained the short orbits should be resolved and acquire an additional label ip 
taking two values, which we choose to be a sign tp = ±. 
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4 The (2,2,2,2) Gepner model 



From now on we will specialize to the case of the (2, 2, 2, 2) Gepner model, that 
corresponds to a compactification down to six dimensions. The flat part is de- 
scribed by an SO(4)i algebra. In order to write down the characters of the model, 
first of all we note that using the fusion rules (|30|) one can check that the sub- 
group generated by the currents S" t 2 ot and VjVj has trivial action on the space-time 
part. The length of the Sf ot current is y = 4. Using (I3"2"j) we find it convenient to 
choose the primaries in the form {v, mi, S) • • • , (/„, m n , s n )}, with prescribed 
space-time part v, and neutral internal part, i.e. 

4 

£&.« = ° (mod 2Z) (37) 



i=l 



Now one can express the Gepner extension characters X%is) m ^ ne f° rm 

1 



m,s I 



where 



x^° (4) 

A; = - A(mi, si, m 2 , s 2 , m 3 , s 3 , m 4 , s 4 ) (39) 
r/ 4 

SO (4) 

Af c = — - — A (mi + 1, si + 1, m 2 + 1, s 2 + 1, ^ 3 + 1, «3 + 1, m 4 + 1, s 4 + 1) 
?7 4 

Xo° (4) 

Af = - A (mi, si + 2, m 2 , s 2 , m 3 , s 3 , m 4 , s 4 ) 

7] 4 

xf° {4) 

= — A(mi + 1, s\ + 3, m 2 + 1, s 2 + 1, m 3 + 1, s 3 + 1, m 4 + 1, s 4 + 1) 

if 



with 

3 

A(m u Si ) = Yl E Ao,^+^+2^o(^)' (4°) 

v =0 vi =0,2 1*2=0,2 i/ 3 =0,2 

'2(2) / \ l a {2) , x k(2) / x 

Xm 2 +2^ , s 2 +vi+2v 1^2 J ' Xra 3 +2z/ , s 3 +^ 2 +2i/ \ Z 3) ' Xm4+2v , s 4 +i/ 3 +2^ V^ 4 / 

and, as explained above, 

= 1 + <Wz 2 i<Ww ( 41 ) 
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Using (12T|) . (1241) and (|97j) for the characters of the k = 2 minimal model one 
obtains the following simple expression 



where g = ^ — § , and cA are related to the Ising characters 



xSW = Ci,(r)e 4(? , 4 (-,r) (42) 



^-£wW*> (43) 



= l. h-.fcl (44) 



2r] \y r] y 77 



c! (2) = -J- (45) 

Now let us compute y4(mj,Sj). Repeatedly using theta functions product 
formulae from appendix A, we have 

A(rrii, = Q qtoU i rj B{m h (46) 

where 

^tot = Z! + z 2 + z 3 + z A (47) 
<?tot = <?i + <?2 + <?3 + <?4 = even (48) 

and 



B{m h Si ) = (49) 

E c 'x(2) h(2) i 3 (2) c h{2) 

mi— {S1+V1+V2+V3) m2-(s2+ui) m-i-(s-i+U2) rriA-(s4,+uz) 

^4,^2,^3=0,2 
a=0,2 

®(qi-q2-qs+q4)-V3+a,2{y2, 2r) • 6(g 1+g2 _ g3 _ g4 )_ I/1+ai2 (?/3, 2t) 



where 



Zl — ^2 + ^3 — Z4 ^1 — ^2 — Z3 + Z4 + Z2 — Zz — Zi . . 

yi = 4 , 1/2 = ^ , 1/3 = - A (50) 
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Note that B (m„ Si ) = B(rm + 1, «* + !)■ Using (06)), (J2BD, (gQQD , ([102]), this allows 
us to write for (1351) : 

X(?ft,s) — (51) 
^(2r)^ 3 (^,2r) -fc(2r)fls(2r)ft ! (^,2r)) 



+ (9l(2r)9 2 (?f, 2r) - 2 (2t)0 3 (2t)0 3 (^p 2r)) B( mi) Sl + 2, *)) 
We see that whenever 

zi + z 2 + z 3 + z A = (52) 

the Gepner extension characters are supersymmetric. This plays a role in the 
study of coisotropic/magnetized D-branes and in the computations of threshold 
connections [39], [40]. 

From now on we put all Zi = 0. For this case the character (jBTj) can be 
equivalently written as 

gi J (B{m h Si) , B(m i ,s 1 + 2,s i ) 



2\Si^ U(0,2r) + tf 2 (0,2r) j 1 j 

where J = |(^|(0, r) — 0|(O, r) — #2(0, i - )) i s zero thanks to Jacobi aequatio 
identica satis abstrusa. Using (T4"9"]) and taking into account that 

Qu,2^r)= V xl° {2 \^r) (54) 

as well as (14*31) . (1441) . (T45l) . we are now in a position to compute the characters for 
the various orbits. 

To this end, we are going to present all the primaries of the model, or in 
other words to list all the orbit representatives. Surely one can pick up orbit 
representatives in many different ways. To be sure that we have not taken two 
primaries, belonging to the same orbit, one can resort to some kind of "gauge 
fixing" . The gauge fixing chosen here, is the following. 

1. We take the space-time part to be always v, as mentioned above. 

2. we take s 2 = S3 = S4 = 

3. we limit mi to the values and 1. 

4. to avoid taking primaries equivalent due to field identification, we always 
limit the values of the L to be or 1. 
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The final picture is the following. 

In this model we can divide primaries in 4 big groups. 

The first group has l\ = I2 = h = U = 0, si = S2 = S3 = S4 = and 
contains 16 primaries. We can divide them into three groups: K±, K 2 and K 3 . 
All primaries in the same group have the same conformal weights and characters. 
The results are presented in the tables below. It is understood that all the entries 
should be multiplied by -^2 . 





hid — \ 


iif! = (v)(0, 0, 0)(0, 0, 0)(0, 0, 0)(0, 0, 0) 


„G _ «|(0,t)+«2(0,t) , Q fli(0,T)^(0,T) 
XK-, 16 1 6 8 



(55) 



K 2 


h K2 = 1 


K 2a = 


(u)(0,0,0)(0,0,0)(0,-2,0)(0,2,0) 




K 2b = 


(u)(0,0,0)(0,-2,0)(0,0,0)(0,2,0) 




K 2c = 


(u)(0, 0, 0)(0, 2, 0)(0, -2, 0)(0, 0, 0) 




K 2d = 


(u)(0,0,0)(0,0,0)(0,2,0)(0,-2,0) 




K 2e = 


(u)(0, 0, 0)(0, -2, 0)(0, 2, 0)(0, 0, 0) 




K 2f = 


(u)(0,0,0)(0,2,0)(0,0,0)(0,-2,0) 


V G _ ^(0,T)-flJ(0,T) 
^2 16 




= (v)(0,0,0)(0,4,0)(0,2,0)(0,2,0) 




K 2h = 


= (u)(0,0,0)(0,2,0)(0,4,0)(0,2,0) 




K 2k = 


= (v)(0,0,0)(0,2,0)(0,2,0)(0,4,0) 




K 2 i = ( 


u)(0,0,0)(0,4,0)(0,-2,0)(0,-2,0) 




K2m = 


(u)(0,0,0)(0,-2,0)(0,4,0)(0,-2,0) 




K 2n = 


(u)(0,0,0)(0,-2,0)(0,-2,0)(0,4,0) 





K 3 


fr*r 3 - | 


^3« = (u)(0,0,0)(0,0,0)(0,4,0)(0,4,0) 
X 36 = (^)(0,0,0)(0,4,0)(0,0,0)(0,4,0) 
X 3c = (^)(0,0,0)(0,4,0)(0,4,0)(0,0,0) 


V G _ ^(0,t)+^(0,t) 9§(0,t)*2(0,t) 
^3 16 8 



(57) 



The second group has h = h = h = h = 0, S\ = 2, s 2 = S3 = S4 = and 
also contains 16 primaries, which again can be divided into 3 subgroups, in such 
a way that all primaries inside each group have the same characters. 





h Ll = 1 


L lo = (u)(0,0,2)(0,4,0)(0,4,0)(0,4,0) 
L 16 = (u)(0,0,2)(0,0,0)(0,0,0)(0,4,0) 
L lc = (v)(0,0,2)(0,0,0)(0,4,0)(0,0,0) 
L ld = (u)(0,0,2)(0,4,0)(0,0,0)(0,0,0) 





L 2 


/lL 2 - \ 


L 2a = (^)(0,0,2)(0,4,0)(0,2,0)(0,-2,0) 
L 26 = (*;)(0,0,2)(0,-2,0)(0,2,0)(0,4,0) 
L 2c = (t;)(0,0,2)(0,-2,0)(0,4,0)(0,2,0) 
L 2d = (t;)(0,0,2)(0,4,0)(0,-2,0)(0,2,0) 
L 2e = (t;)(0,0,2)(0,2,0)(0,-2,0)(0,4,0) 
L 2/ = (t;)(0,0,2)(0,2,0)(0,4,0)(0,-2,0) 


V G _ ^(0,T)+eJ(0,T) 0*(O,t)*2(O ) t) 
^2 16 1 8 



(59) 



£3 


^3 - I 


L 3a = (u)(0,0,2)(0,0,0)(0,2,0)(0,2,0) 
L 36 = (u)(0,0,2)(0,2,0)(0,0,0)(0,2,0) 
L 3c = ( U )(0,0,2)(0,2,0)(0,2,0)(0,0,0) 
L 3d = (v)(0, 0, 2)(0, 0, 0)(0, -2, 0)(0, -2, 0) 
L 3e = (t>)(0,0,2)(0,-2,0)(0,-2,0)(0,0,0) 
L 3f = (v)(0, 0, 2)(0, -2, 0)(0, 0, 0)(0, -2, 0) 


V G _ 0f(O,r)+0|(O,r) flf(0,T)e2(0,T) 
^£3 16 8 



(60 



The third group containing 48 primaries with any two of k equal to 1, and 
other two of them to 0. This group consists of 6 subgroups: 

h = h = 1 h = U = (61) 
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Each such a subgroup consists of 8 primaries and can be derived from, let's say, 
the first of them by permutations, so we will write down only one of them, the 
one with l ± — l 2 — 1 and l 3 = Z 4 = 0. We schematically denote the primaries in 
this group as indicating explicitly in the superscript which U are equal to 

1. 



$1 


— 1 


^•••• = (u)(l,l,0)(l,3,0)(0,2,0)(0,2,0) 
= (v)(l, 1, 0)(1, -1, 0)(0, 0, 0)(0, 0, 0) 


G _ e 2 2 (o,r)(el(o,r)+e|(o,r)) 



(62) 



$ 2 


h — 5 


$^''=(^)(1,1,0)(1,3,0)(0,0,0)(0,4,0) 
= (v)(l, 1, 0)(1, -1, 0)(0, -2, 0)(0, 2, 0) 


V G _ ^(O,r)(0l(O,r)-e|(O,r)) 
A$ 2 8 



(63) 



$ 3 


/i(j> 3 — 1 


= (u)(l, 1, 0)(1, -3, 0)(0, 2, 0)(0, 0, 0) 
^>->- = (v)(l, 1, 0)(1, -3, 0)(0, 0, 0)(0, 2, 0) 


v g _ ei(o,r)-ei(o,r) 

A$3 g 



(64) 



$4 


h — 1 

' t( I>4 — 2 


$^'-'- = (t;)(l,l,0)(l,l,0)(0,-2,0)(0,0,0) 
^'•'• = (u)(l,l,0)(l,l,0)(0,0,0)(0,-2,0) 


V G _ 0|(O,r)+e|(O,r) 
8 



(65) 



14 



Finally we have a small group containing only 4 elements with h = h = h = 
/ 4 = 1, si = s 2 = s 3 = s 4 = 0. All primaries in this group, as we explained in 
section [31 have a short orbit and should be resolved. After resolution we end up 
with 8 primaries. The ± in the notations refers to the resolution process. 



Ri 


h Rl = 1 


R la± = (v)(l, 1, 0)(1, -1, 0)(1, 1, 0)(1, -1, 0)± 
R lb± = (t;)(l,l,0)(l,-l,0)(l,-l,0)(l,l,0) ± 
R lc± = (u)(l,l,0)(l,l,0)(l,-l,0)(l,-l,0)± 


_ ef(0,r) 
ARi - 8 



(66) 



R2 


hn 2 - 5 


R 2± = (v)(l, 1, 0)(1, 1, 0)(1, -3, 0)(1, 1, 0)± 


,X3 _ ef(0,r)+e|(0,r) 
Ai? 2 — 8 



(67) 



We see that before fixed points resolution we had 84 orbits: 31 orbits with 
conformal dimension 1, 12 orbits with conformal dimension |, 12 orbits with 
conformal dimension |, 20 orbits with conformal dimension |, 9 orbits with 
conformal dimension |. After the fixed points resolution we have 88 primaries: 
34 orbits with conformal dimension 1, 12 orbits with conformal dimension |, 12 
orbits with conformal dimension |, 21 orbits with conformal dimension |, 9 orbits 
with conformal dimension | [41]. 

Collecting all the above results, we can write down the torus amplitude: 



J 



,12 



16 
+6 
+14 
12 



£ 3 4 (0,t)-# 4 4 (0,t) 



16 



16 



+ 9 



8 



(6* 



16 



16 



12 



0f(O, r)(fl|(0,T) + 91(0, t)) 



+ 



ei(o,T)(el(o,T)-el(o,T)) 



J 


2 - 


1] 12 
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#3(0,r)| 4 + |# 4 (0,T)| 4 +|£ 2 (0,r) 
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+- (\9 2 (0, r)9 3 (0, t) I 4 + \9 2 (0, r)9,(0, r) I 4 + |0 3 (O, r)(0 4 (O, r) | 4 ) 
+ |(l^3(0, r)| 8 + |fl 4 (0,r)| 8 ) 

The partition function (jHSD, as first noted in [31], coincides with the partition 
function of the T /Z 4 orbifold at the SU(2) 4 point, which we review in appendix 
C. 

Now we elaborate on the expression (TTTT) for the annulus partition function 
for the (2, 2, 2, 2, ) Gepner model. 

Let us denote the first Cardy state /: 

/ = (So, Li, M 1; Sx, ■ ■ - , U, M 4 , S 4 ) (69) 

and the second J: 

J = (So, L x , Mx,S x ,---, U, M 4 , St) (70) 

Consider first the case when neither the first boundary state nor the second are 
fixed. 

Now using (|T3l) and the fusion coefficients ( 1251) we can easily derive: 

z y y |^x-U|^o ( 4) S0 T\ N sumu gi k -i\ (n) 

v(S )So 11 LiLi /v Afi-Mi-M 4 -M4,ib,5i-5i-54-5 4 
s i=l 

Actually the sum over J in f[T3"|) Ylj^G^Jac ls running over the orbit of the 
primary 

(s , k, M l -Mx,Sx-Sx--- h, M 4 - M 4 , S 4 - S 4 ) (72) 

while the sum over orbits in ( fTBl) runs over the specific representatives, for ex- 
amples listed in the tables above. It means that generically in this sum only one 
term will survive, the specific representative of the orbit of the primary (!72j) . If 
this primary has non-trivial stabilizer, due to field identification the sum over J 
will produce the representative twice. The fusion v (Sn) in J\f s °^l is due to the 

_ v(bo)bo 

bosonic string map [24]. Collecting all pieces we get (J7TT) . In practice in order to 
use formula (JTTil one needs to compute the primary ( 1721 and then use the action 
of the simple current to find in the orbit which of the representatives listed in 
tables above it belongs to, and substitute its character. 

Consider next the case when / is not fixed but J is. In this case elaborating 
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on (fT2l) we obtain: 



so li i=l 

(73) 

The last case is when both and I and J are fixed points. To elaborate on this 
case we need the matrices S c ^ and Sab m formula ffTol) . 

The matrix S a b for Gepner models is the product of all the elementary S"s 
and reads: 

4 

fc+2 f7/n 

i=l 

The matrix was found in [24]. For the (2,2,2,2) model it has the form 

i=l 

The numerical factors come from the field identification. 
Plugging (1741) and (175]) in (fT5|) one obtains: 

'W = ^£E<2§:°- (T6) 



15/1 ^o)So 



A=l i=l 



2 / ^Ml-Ml---MA-M4,S0,Sl-Sl---S4-S4. 



5 DO-branes on the T^/Z^ orbifold. 
5.1 Fixed points 

Defining complex coordinates Z\ = x\ + ix 2 and z 2 = £3 + 2x4 the Z 4 group action 
can be described as 

2i7vk 2i7rfc . . 

zi — > e 4 2a z 2 — >• e 4 z 2 (77) 



We can consider it as generated by the Z 2 subgroup acting as Zi — > — ^ and 
2 2 — > — -2 2 and a Z 2 subgroup rotating by | and — | the (£i,x 2 ) and (2:3,3:4) 
planes: ^ — > izi and z 2 — > —iz 2 . 

The Z 2 group has 16 fixed points {izRei, TrRe 2 , nRe^, TiRe^j, where = 0, 1, 
out of which only 4 are also fixed under Z' 2 : DOif = (0,0,0,0), -D0 2 / = 
(irR, irR, tiR, irR), D0 y = (irR, 71R, 0, 0), D0 Af = (0, 0, nR, irR). 



17 



To begin with, let us calculate the annulus partition function for open strings 
having both ends at the same fixed point. 
The partition function is given by 

ZDo f Do s = (78) 
\ X>(1 + H F )9 k e-^ = ^Z windmgs + I X>sin 2 ^)Z , k 



8^ v v ' ' An 1 

k=0 ' k=l 



where 



■'windings (79) 

8l(0,T) + 8j(0,T) t el(0,r)el(0,r) 



q n i+ n2 2+ n i+< = 0|(O,2t) 



ni,n 2 ,n 3 ,n4 



and Z o fc can be found in (I114p . (I115p . f 1 11 6 j) of appendix C. Collecting all the 
pieces, we obtain: 

Z DOfDOf - { r6 + g ) (80) 



We see that ( IHUl) coincides with ( 1551) : 

ZD0 f D0 f = Xk x (81) 

In order to compute the partition function for strings with ends at different 
fixed point, we need to recall the partition function for a scalar X compactified at 
the self-dual radius R = 4= with Dirichlet boundary conditions placed at 2nR^ 1 
and 2tcR^2, so that 

X = 2nR£i + {2R(& - £i) + 2nR) a + oscillators (82) 

The partition function is easily calculated to be 

Z X1X2 = -q { ^ )2 9 3 (2r^ 2 - 6), 2r) (83) 
77 

Using fl83|) we can then compute the annulus partition functions between 
different fixed points: 

_ J ^f(O,T) + 0j(O,T) g 3 2 (0,r)g 4 2 (0,r) ^ _ 

^D 0l/ D0 2/ - ^ I + § J ~ XL2 ^ ' 
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'D0 lf D0 3f 



V 



J ( 6l(0,T)-ej(0,T) gg(0,r)flg(0,T) 
12 I 16 4 



15) 



It seems that ( |85l) does not fall in the list of characters computed in section 
HI We think it means that the -DO/3 cannot be described by a Cardy state, and 
do not consider it any further here. 



5.2 Partially fixed points 

Now we consider the case when the DO branes lie at a point fixed only under Z 2 . 
We have the following list of such branes: 

(86) 



DOi 


= A 1 


+ A[ 


(0,77/2,0,0) + (irR, 0, 0, 0) 


D0 2 


= A 2 


+ A' 2 


(7ri2,0,0,7r.R) + (0,nR,nR, 0) 


D0 3 


= A 3 


+ A' 3 


(irR, nR, 0, nR) + (ttR, irR, nR, 0) 


DOi 


= Ai 


+ A' 4 


(tcR, 0, irR, tcR) + (0, tcR, ttR, -kR) 


D0 5 


= A 5 


+ A' 5 


(0,0,0,77/2) + (0,0,77/2, 0) 


D0 6 


= A 6 


+ A' 6 


(77/?, 0, 77/2, 0) + (0,77/2,0,77/?) 



The partition functions between branes (1861) and fixed point branes are given 
by equation: 

7 ^ (1 + H F )(1 + ^ 

At 



J DOi DO f 



Tr 



Jf —AiDOf 2 

which taking into account (11151) simplifies to 

(l + (-) F 



-2-ktL 







ZD0iD0 f 



Tr 



Ai.DO f - 



3 -27ttLo 



4 



(87) 



(88) 



Using ( 1831) we can easily compute all annulus partition functions of this type. 
The result is presented in the following table: 



Branes 


D0 lf 


D0 2f 


D0 lf 


d t+ e t 1 39 t d i 

16 1 8 


£4 1 /)4 ft'^iXA 

16 ' 8 


D0 2} 


£4 1 /)4 

16 ' 8 


e 3+ e 4 1 
16 1 8 


DOi 




owi-e'i) 


8 


8 


D0 2 




8 


D0 3 


8 


8 


DOi 


8 


eWi+e'i) 

8 


D0 5 


8 


8 


D0 6 


ot-ot 

8 


et-et 

8 



59) 
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where it is understood that all entries should be multiplied by ^2 = 2^12 (^3 — 
8j-8$). 

Using the characters in section H] one can present table (l89il in the form 



Branes 


D0 lf 


D0 2f 


D0 lf 


Xk x 


Xl 2 


D0 2f 


Xl 2 


Xk x 


D0 l 






D0 2 


XRi 


XRi 


D0 3 




X^ 


D0 4 






D0 5 


X*i 




D% 


XRi 





Table (|90l) already gives a hint for the candidate Cardy states, describing DO 
branes located at fixed and partially fixed points. 

To make things more precise we should compute also the partition functions 
between the different partially fixed branes fl86|) . They have the form: 

ADOiDOj - ^AiAj ^ 2 AlA J 2 2 

(91) 

which using (I115p simplifies to 

7 — TV (1 j" „-2k-tLq 1 T (1 + (~) F ) ^-27rrL / Q9 \ 

Ado^ - ^AiAj ^ e + lx A . A i. e (92) 

Again using (1551) we can present the result in the following table: 
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Branes 




£0 2 


D0 3 


L>0 4 


£o 5 


£o 6 


DOi 


4 4 




n-n 

4 


4 4 


4 




D0 2 




4 


4 




4 


4 


D0 3 


4 


4 


y 3 1 y 3 y 4 
4 4 


91-91 
4 


4 4 


& 2 y 3 
4 


L>0 4 


u 3 y 3 y 4 

4 4 


y 2 y 3 
4 




°3 1 y 3 y 4 
4 4 




A2 /)2 
y 2 y 3 

4 


D% 


4 




4 4 


4 


4 4 




D% 


4 


4 


4 


y 2 y 3 
4 


y 2 y 3 
4 


4 



(93) 



where, as before, it is understood that all entries should be multiplied by 

^T2 = 2^(^*3 ~~ $4 — ^2)- 

After some trial and error we can solve these conditions with the following 
Cardy states: 



D0 lf = 


\ K% } Cardy 


D0 2f = 


|^2a) Cardy 


DOi = 


<jjl, Cardy 
la / 


£0 2 = 


i?la+) Cardy 


do 3 = 


^*2 ' 1 ' 1 ) Cardy 


D0 4 = 


jijl,l, v \Caxdy 
^26 / 


D0 5 = 


(F,-,-,l,l\ Cardy 
la / 


D0 e = 


i?la-)° ardy 



Using the formulae fl7Tl) . fl73|) . fl76|) we obtain for the annulus partition functions 
between the states (1941) the following table : 



Branes 


D0 1 


.D0 2 


£0 3 


L>0 4 


D0 5 


DOi 


Zn 






2(xk 3 +XlJ 


2Xi?x 


D0 2 




X/fi + 3 X^3 


X$2 + X$l 


X$i + X$2 




D0 3 




X$ 2 + X#l 




2%Hi 


2(xx 3 +XlJ 


D0 4 




X*l + X*2 




^11 




D0 5 




X$i + X<J>2 


2(x^ 3 +Xii) 




Z n 


D% 


X*2 + X*l 




X$ 2 + X*l 


X$l + X$2 


X$i + X*2 
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where Z\\ = XKi + Xk 3 + ^Xl^ which coincides with table (|93|) . 
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A Theta functions identities 

We start by reviewing some useful identities satisfied by Theta functions [42]. 





" a ~ 




- b_ - 





m 
_ 


{x u n x T)0 


™2 

_ 


ni+n 2 — 


1 r nifi+a+b 





E o 







n±U2 (J.+n2a—nib 
nin 2 (ni+n 2 ) 





(x 2 ,n 2 r) = 
(xi + x 2 , (ni + n 2 )r) • 
(n 2 xi - nxx 2 , n x n 2 {n x + n 2 )r) 



(95) 



where 



(x, t) = exp(iTc(n + a) 2 r + 2m{n + a){x + 6)) 



(96) 



Using the identity 



n-1 

E" 

At=0 



n 





(nx, n 2 T) 



(x,t) 



(97) 



we can exploit (1951) for the case relevant to our analysis i.e. rii = r\n and 

n 2 = r 2 n 



Q r\n 


ri+r2— 1 

E « 

/i=0 



(xi, rinr)9 



b i 

T2n 









+ 



ri+r 2 (ri+r2)n 



r20.—T\b 



r\+r 2 r 1 r2(r 1 +r 2 )n 





(x 2 , r 2 nr) = 
(xi + x 2 , (ri + r 2 )nr) • 
r 2 xi - r x x 2l r l r 2 (r l + r 2 )nr) 



(98) 



Let us explicitly write this formula for the most relevant for us case: ri\ 
n 2 = n, ri = r 2 = 1 



" a ~ 




- b - 


n 

_0_ 


(xi, nr)9 


n 

0_ 



E* 



q+b 
2 1 2n 



(a; 2) nr) = 
x\ + X2, 2nr)9 



(99) 



2 + 2n 



(xi - x 2 , 2nr) 
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B Other relevant identities 



Recall the identities: 

Ol(r) - 9l(r) = 20 2 2 (2t) 
61(t) + 61(t) = 261(2t) 
e 3 {r)d 4 (r) = Q\(2t) 
6 2 2 (r) = 26 2 (2r)e 3 (2r) 

From 1 1 100p we can derive another couple of useful identities: 

e 3 (2r)6l(r) = 6 2 (2r)(el(r) + 6l(r)) 
6 2 {2t)61{t) = e 3 (2rM(r) - ^(r)) 

Q , 1 (z,t) = 6 3 (z,2t) 

Let us also mention the following formulae. 

e l Q,r) =6 2 (0,r) 
*g,r)=0 

Oa Q,t) = to(0,r) 

.3 g,r) = g,r) ^ 3 g,r) = . 4 g, 

^3 2 (l^) _ ^(0,2r) _ g 2 2 (0,r) 
fl 2 (i,r) £ 2 (0,2r) 0§(O,t)-^(O,t) 
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C Partition function of the T 4 /Z4 orbifold 



Z — ^ ^lattice 



,12 



(110) 



where 



lattice = (|xf (2) | 2 + IX2 U(2) | 2 ) 4 = 1 (1^3(0, r)| 4 + |£ 4 (0,r)| 4 + |^ 2 (0,r)| 4 ) 2 (111) 
and 



Q,/3 



Consider the Ramond part. 



o 2 


A 


(O,r)0 




(O,r)0 


a - \ 


(0,r) 


" a 


2^4 
L 2 ~ 4 - 


(O,r)0 


rl r -1 

2 4 
1 s 
-2 4 - 


(0,r) 





2^4 
.o + f. 


(O,r)0 


- 1 

2 

.0- 


r " 

4 

s 

4 - 


(0,r) 




2^4 

L 2 ~ 4 - 


(0,r)9 


- 1 

2 
1 
- 2 


r " 

4 

s 

4 - 


(0,r) 



7 R 

^0,1 



-£ 2 4 (0,r 



^2 = 



^3 = -#2 4 (0,r) 



^o = ^(0,r) 



^(0,r)g 4 2 (0,r) 

4?7 12 

fli(0,r)^(0,r) 



4ry 12 
477 
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Z 2J = & 2 {0,T) — 



z*=e 4 2 (o,r 



el(0,r)9l(0,r) 



Z«=9I(0,t 



2 -'> 4^12 

^ 4 (0,r)+^(0,r)^(0,r) 



Z«=-^(0,r) 



4r? 12 

^ 4 (0,r)-^(0,r)^(0,r) 



4?7 



12 



(112) 



(113) 

(114) 
(115) 
(116) 

(117) 

(118) 

(119) 

(120) 

(121) 

(122) 
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7 r M rn r ^(0,r) + g 2 2 (0 > r)g 3 2 (0,T) 



At] 12 

,r _ fl4 , n , ^(0,r)+ie|(0, T)^(0,r) 

4?7 12 

7/i , _ o . _^i(0,r)-^I(0,T)ei(0,T) 



Z 3 « = -^(0, r) ^^-?r^ 3V "" ; (124) 



Z K = ^4 (0; r) ^4^^-r^2 K^J^U (12g) 



Zft = ^(0, r) — ^ — ' (126) 



* „^4 4 (0,r)-^ 2 2 (0,r)^(0,r) 



Zfc = ^(0, r) — ^ — ^ (127) 

> e|(o,T)+ie 2 (o, T)e a (o,T) 



z r = e ^ T yj^m : (128) 



The numbers ra rjS are given by the following formulae: no. s = 4 sin n 
Plugging all in (11 101) we get (J6"8j) . 



D Annulus partition functions for simple cur- 
rent extensions 

In this section we mainly follow [35] . 

Let us start with the partition function: 

z = E i^i-i E ^i 2 ( 129 ) 

orbits Q(a)=0 JeG/S a 

where G is a group of simple currents and «S a is the stabilizer of a. Denote by 
G a = G/S a the factor group acting non-trivially on a. The order \G a \ of G a is 
\G a \ = |G|/|«S |. Let us write |«S | as a sum of squares: 

\s a \ = EKm) 2 ( 13 °) 

i 

where % labels the different primaries into which a gets resolved (usually m a i has 
to be independent of i, but to keep track of the different sums we will keep the 
index i.) Corresponding to this definition we have 

*» = ma* E XJa (131) 

JeG a 
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so that J2i \Xa,i\ 2 = \<S a \ ■ | J2.j<=G/Sa X-Ja\ 2 - The ansatz for the resolved modular S 
matrix suggested in [33] is 



S(a,i),(b,j) = m a ^m b J- — a b S a} b + ^(a,i),{b,j) (132) 

where r( a)i w 6 j) satisfies 

/ J F(a,i),(b,j) m b,j = 0- (133) 

j 

Now we derive the unitarity condition on S( a ,i),(b,j)- Recall that S a ,b satisfies 

S Ja ,b = e 2mQ ^S a , b (134) 
Computing SS^ we produce four terms 

P S ,s = Yl ^ml^c,kS a , b S*JG a \\G b \ 2 \G c \/\G\ 2 (135) 

orbits Q(b)=0,j 

P s,v = Y m a,i m b J a )L - s a,br*c,h),(b,j) (I 36 ) 

orbits Q(b)=0,j ' ' 

orbits Q(b)=0,j ' ' 

Pr,r = Y T M,(b,j) T *(c,k),(b,j)- (138) 

orbits Q(b)=0,j 

We see that, due to 01551) . ffT36|) and flT5Tj) are 0. Now we evaluate f[135]) . The 
sum over j can be carried out using fl 1 3Uj) : 

Ps,s= Y m a,i'mc,kSa,bS* :b \G a \\G b \\G c \/\G\. (139) 

orbits Q(b)=0 

The sum over b here runs over representatives of neutral orbits. Using fU34p we 
can extend it to sum over all values of b. Using that a, b and c are neutral we get 
that S a ,b and S c ,b are independent of the specific orbit representative S a ,b = Sj a ,Kb 
and S C)b = S C) Kb- Using this observation we can write 

Ps > s= Yl m *,< m ckS Ja jcbSZ Kb \G c \/\G\ (140) 

orbits Q(b)=0 JeG a ,KeG b 

Again using f)134p we deduce that the sum over a allows us to extend the sum 
over b from neutral orbits to all orbits. The sum over a projects out the charged 
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one. Now when we sum over all values of b we can use unitarity of S and finally 
write 

-^5,5 = \~~Q~\ • ( > i4i ' ) 

We get that unitarity imposes the following constraint on T 

^2 T M,(b,j) T *(c,k),(b,j) = $ac(dik ,"'* ) (142) 

orbits Q(b)=0,j ' a ' 

derived in [33]. Using the same tricks we turn to the computation of the fusion 
coefficients. 



jTr(d,e) _ y> ^^)\b,j)^{c,k),^)^(b,j)Xd,e) , . , 

(a,i),(c,fc) 2—1 C ^ ' 

(b,j) b (0),(b,j) 

We know that the vacuum state has trivial stabilizer. Therefore 

S(o),(b,j) = m bd \G b \S 0tb (144) 
Inserting (11321) and (11441) in (I143j) we obtain the following eight terms: 

Psss= 2^ ' 2 ™ (145) 

(orbits Q(b)=0J) 1 1 0,b 



srs 



rss 



E m a,i^bJ^d,e\Ga\\Gb\\Gd\S a ,b^(c,k),{b,j)Sl d 
\G\vT~h " ( } 

(orbits Q(b)=0J) 1 1 °' b 

E"m c ^m btj m dte \ G c \ \ G h \ \ G d | T( 
o-,i),{b,j)^c,b^ b ^d h .„> 

\G\ 2 S 0b { ' 

(orbits Q(b)=0,j) 1 1 U ' 

md,e\Gd\^{ a) i),(b,j)^{c,k),(b,j)Sl 



rrs ~~ 2—/ \G\S v i4 "J 

(orbits Q(b)=0J) 1 f| ' 



ssr 



Ern at im b jm ck \G a \\G b \\G c \S atb S cb T1 bj)lili] 
\G\^S~h ( 9) 

(orbits Q(b)=0,j) ' ' ' "■" 



r) V" m a,i\Ga\S a ,b^{c,k),{b,i)^\b.j),{d,e) 

^ ^ (150) 

(orbits Q(b)=0J) 1 1 



rn c , k \G c \T (a ^, {bij) S c , b r {bd) ^ e) 
+ J rsr= 2^ " bl > 

(orbits Q(b)=0,j) |LT|D °' fe 



^ r M,(fej) r (c,fc),(b,i) r (bj),(d,e) , R v 

(orbits Q(b)=0.j) 1 U ' 
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We see that thanks to (I133[) the three terms containing two S and one T, namely 
Psrs,Prss,Pssr given by (1146[) . (I147P and (I149P correspondingly are zero. Further 
simplifications occur when we consider the annulus amplitude: 

A( a ,i),(d,e) = E ^(a,i),(c,k)Xc,k = E ^(a,i),(c,k) m ^ E Xjc ( 153 ) 
orbits Q(c)=0,k orbits Q(c)=0,k JeG c 

Now again due to (I133p also ( 11481) . (11501) and (11521) have vanishing contribution. 
We see that for the evaluation of the annulus amplitude it is enough to consider 
only the term (11451) and (11511) . Using the same tricks as in the check of unitarity 
we can easily compute ( 11451) . First using ( 11301) we perform the sum over j and 
obtain 

Psss= ^ Ws^ b " (154) 

orbits Q(b)=0 1 1 ' 

Again using neutrality of a, c and d we can extend the sum over b from the repre- 
sentatives of the neutral orbits to the whole orbit, absorbing \Gb\, and afterwards 
using neutrality of b absorbing G a in the sum of a over orbit: 

„ m a,i m c,k m d,e\G c \\Gd\Sj a ^KbS c ,KbS* Kbd 

Psss= 2^ E \G^S " ( ) 

orbits Q(b)=0 JeG a ,KeG b 1 1 °' Kb 

As before the sum over a allows us to extend the sum from the neutral orbits 
to all orbits. So we get that the sum over b runs over all values. Using Verlinde 
formula for the modular S-matrix we obtain: 

^ m a)i m Cjk m d!e \G c \\G d \N$ 

P SSS = }^ 1^2 ( 156 ) 

Inserting now (1 1 5 1 j) and (11561) in (11531) and again using (11301) finally we obtain: 

\- \- m ati m d>e \G d \Af Jac x - 

A(a,i),(d,e) 2^ 1^ \G\ 2^ XKc 

orbits Q(c)=0 J£G a ' ' K£G C 

+ E E E XK. (157) 

orbits Q(c)=0 (orbits Q(b)=0J) °' b KeG c 

It is easy to check that ^2 JeGa Nj ac is independent on the orbit representative 
of c: 

E ^ = E M U ( 158 ) 

JeG a JeG a 



29 



Also it is easy to see that if Q(a) = 0, and Q(d) = 0, N£ c ^ only if also 
Q(c) = 0. So without changing the result we can sum over all c in HI 53[) and omit 
the sum over K: 

\g\ 2^xkc = 2^1^ Tel Xc (159) 

orbits Q(c)=0 J&Ga 1 1 KdG c c JeG a 1 d] 

Let us momentarily consider the case when we have no fixed points. In this 
case the annulus amplitude is 

4m = EE^1^ (160) 

This result can be easily interpreted. It means that in the simple current orbifold 
theory the Cardy boundary states are given by 

|a)orbifoid = —7= ^2 l Ja ) ( 161 ) 

V l G l J 6 G 

This is the expected result. This was the starting point of the Recknagel- 
Schomerus boundary states construction in [13]. 
F( a ,i),(b,j) also satisfies the condition (11341) : 

^J(a,i),(b,j) = F(a„i),(bj) (162) 

In (I157P sums over (b, j) and c run over neutral representatives, but to evaluate 
this sum in practice, we can use (I162[) and the same tricks as before to extend 
this sum over all values of b and c. So for the second part in ( 11571) we have: 

F Q F* 

EV- (<v),(6j)' J c,& i (b,j),(d,e) 
2^ s~. 1^ xkc 

orbits Q(c)=0 (orbits Q(b)=0,j) ' KeG c 

= EEE r '' , Tirnrf''" > ^ < 163 > 

— 7~ 777, ^0,6 ^6 \\L*a\ 

C b,J J&Ga 

Finally let us take into account that in the case of Gepner models, all the 
stabilizer equal Z 2 and the unitarity condition can be satisfied taking T^^^ip') 
in the form 

r \art),{b,i>>) = ■ G( ^ b ' Sab*P*P'5 a fSbf (164) 

where the resolving index ip takes two values ± and S a b is some unitary matrix. 
Putting this in (I163p for this part of the annulus amplitude we get: 

4tW* SEE Sja f' bS * b > d X c S af 5bfy (165) 

1^1 cb.f^ a S °' b 
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This is the correction required when fixed points are present. Putting all pieces 
together we have: 

m a ,ijn dte J\fj a c 

A(a,i),(d,e) = 2^1^ 1 C ||C I ' Xc + (166) 



c JeG 



<Sa\\<Sd\ 

1 / / " Sja,bSc,bSt d 
jTcT^ Z^Z^Z^ O XcSafSbfSdf 



c b JeG 



This formula was found by Brunner and Schomerus in [23]. 
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